Freezing Optical Rogue Waves by Zeno Dynamics by Bayindir, Cihan & Ozaydin, Fatih
Freezing Optical Rogue Waves by Zeno Dynamics
Cihan Bayındır1, ∗ and Fatih Ozaydin2
1Faculty of Engineering, Isik University, Sile, Istanbul, 34980, Turkey
2Department of Information Technologies, Isik University, Sile, Istanbul, 34980, Turkey
We investigate the Zeno dynamics of the optical rogue waves. Considering their usage in mod-
eling rogue wave dynamics, we analyze the Zeno dynamics of the Akhmediev breathers, Peregrine
and Akhmediev-Peregrine soliton solutions of the nonlinear Schro¨dinger equation. We show that
frequent measurements of the wave inhibits its movement in the observation domain for each of
these solutions. We analyze the spectra of the rogue waves under Zeno dynamics. We also analyze
the effect of observation frequency on the rogue wave profile and on the probability of lingering of
the wave in the observation domain. Our results can find potential applications in optics including
nonlinear phenomena.
PACS numbers: 03.65.Xp, 03.65.Ta, 42.25.-p, 42.65.Tg
I. INTRODUCTION
Rogue (freak) waves can be described as high ampli-
tude waves with a height bigger than 2 − 2.2 times the
significant waveheight in a wavefield. Their studies have
become extensive in recent years [1–4]. The research has
emerged with the investigation of one of the simplest non-
linear models, which is the nonlinear Schro¨dinger equa-
tion (NLSE)[1]. Discovery of the unexpected rogue wave
solutions of the NLSE resulted in seminal studies of rogue
wave dynamics, such as in Ref.[1]. Their existence is not
necessarily restricted to optical media [5], they can also
be observed in hydrodynamics, Bose-Einstein condensa-
tion, acoustics and finance, just to name a few [1, 2]. It is
natural to expect that in a medium whose dynamics are
described by the NLSE and NLSE like equations, rogue
waves can also emerge. In this study we consider optical
rogue waves for which analyzing the dynamics, shapes
and statistics of rogue wavy optical fields are crucially
important to satisfy certain power and communication
constraints.
On the other hand, quantum Zeno dynamics [6, 7],
which is the inhibition of the evolution of an unstable
quantum state by appropriate frequent observations dur-
ing a time interval has attracted an intense attention in
quantum science, usually for protecting the quantum sys-
tem from decaying due to inevitable interactions with its
environment. It emerged that the observation alters the
evolution of an atomic particle, even can stop it [8–10].
Duan and Guo showed that the dissipation of two par-
ticles can be prevented [11, 12], Viola and Lloyd pro-
posed a dynamical suppression of decoherence of qubit
systems [13], Maniscalco et al. proposed a strategy to
fight against the decoherence of the entanglement of two
atoms in a lossy resonator [14], Nourmandipour et al.
studied Zeno and anti-Zeno effects on the entanglement
dynamics of dissipative qubits coupled to a common bath
∗Electronic address: cihanbayindir@gmail.com
[15], and Bernu et al. froze the coherent field growth in
a cavity [16]. Very recently, Facchi et al. studied the
large-time limit of the quantum Zeno effect [17].
Quantum Zeno dynamics can also be used for realizing
controlled operations and creating entanglement. Cre-
ation of entanglement is a major issue in quantum infor-
mation science, requiring controlled operations such as
CNOT gates between qubits, which is usually a demand-
ing task. As the number of qubits exceeds two, multipar-
tite entanglement emerges in inequivalent classes such
as GHZ, W and cluster states, which cannot be trans-
formed into each other via local operations and classical
communications. The preparation of multipartite entan-
gled states -especially W states- require not only even
more controlled operations but also novel methods [18–
22]. Wang et al. proposed a collective threshold measure-
ment scheme for creating bipartite entanglement, avoid-
ing the difficulty of applying CNOT gates or performing
Bell measurements [23], which can be extended to mul-
tipartite entangled states. Chen et al. proposed to use
Zeno dynamics for generation of W states robust against
decoherence and photon loss [24] and Barontini et al. ex-
perimentally demonstrated the deterministic generation
of W states by quantum Zeno dynamics [25]. Nakazoto
et al. further showed that purifying quantum systems is
possible via Zeno-like measurements [26].
Optical analogue of the quantum Zeno effect has been
receiving an increasing attention. Yamane et al. reported
Zeno effect in optical fibers [27]. Longhi proposed an
optical lattice model including tunneling-coupled waveg-
uides for the observation of the optical Zeno effect [28].
Leung and Ralph proposed a distillation method for im-
proving the fidelity of optical Zeno gates [29]. Biagioni et
al. experimentally demonstrated the optical Zeno effect
by scanning tunneling optical microscopy [30]. Abdul-
laev et al. showed that it is possible to observe the opti-
cal analog of not only linear but also nonlinear quantum
Zeno effects in a simple coupler and they further proposed
a setup for the experimental demonstration of these ef-
fects [31]. McCusker et al. utilized quantum Zeno effect
for the experimental demonstration of the interaction-
free all-optical switching [32]. Thapliyal et al. studied
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2quantum Zeno and anti-Zeno effects in nonlinear optical
couplers [33].
In this paper we numerically investigate the optical
analogue of quantum Zeno dynamics of the rogue waves
that are encountered in optics. With this motivation, in
the second section of this paper we review the NLSE and
the split-step Fourier method for its numerical solution.
We also review a procedure applied to wavefunction to
model the Zeno dynamics of an observed system. In the
third section of this paper, we analyze the Zeno dynamics
of the Akhmediev breathers, Peregrine and Akhmediev-
Peregrine soliton solutions of the NLSE, which are used
as models to describe the rogue waves. We show that fre-
quent measurements of the wave inhibits the movement
of the wave in the observation domain for each of these
types of rogue waves. We also analyze the spectra of the
rogue waves under Zeno dynamics and discuss the effect
of observation frequency on the rogue wave profile and
on the probability of lingering of the wave in the obser-
vation domain. In the last section we conclude our work
and summarize future research tasks.
II. NONLINEAR SCHRO¨DINGER EQUATION
AND ZENO EFFECT
It was shown that all the features of linear quantum
mechanics can be reproduced by NLSE [34], and quan-
tum NLSE can accurately describe quantum optical soli-
tons in photonic waveguides with Kerr nonlinearity [35–
38]. The bosonic matter wave field for weakly interacting
ultracold atoms in a Bose-Einstein condensate, evolves
according to quantum NLSE [39, 40]. Many nonlinear
phenomena observed in fiber optics are generally studied
in the frame of the NLSE [1]. Optical rogue waves are
one of those phenomena and rational rogue wave soliton
solutions of the NLSE are accepted as accurate optical
rogue wave models [1]. In order the analyze the Zeno dy-
namics of rogue waves, we consider the nondimensional
NLSE given as
iψt +
1
2
ψxx + |ψ|2 ψ = 0, (1)
where x and t are the spatial and temporal variables,
respectively, i is the imaginary number, and ψ is the
complex amplitude. It is known that the NLSE given
by Eq.(1) admits many different types of analytical solu-
tions. Some of these solutions are reviewed in the next
section of this paper. For arbitrary wave profiles, where
the analytical solution is unknown, the NLSE can be nu-
merically solved by a split-step Fourier method (SSFM),
which is one of the most commonly used forms of the
spectral methods. Similar to other spectral methods,
the spatial derivatives are calculated using spectral tech-
niques in SSFM. Some applications of the spectral tech-
niques can be seen in Refs.[41–56] and their more com-
prehensive analysis can be seen in Refs.[57, 58].
The temporal derivatives in the governing equations is
calculated using time integration schemes such as Adams-
Bashforth and Runge-Kutta, etc. [47, 57, 58]. However,
SSFM uses an exponential time stepping function for this
purpose. SSFM is based on the idea of splitting the equa-
tion into two parts, namely the linear and the nonlinear
parts. Then time stepping is performed starting from the
initial conditions. In a possible splitting we take the first
part of the NLSE as
iψt = − |ψ|2 ψ (2)
which can exactly be solved as
ψ˜(x, t0 + ∆t) = e
i|ψ(x,t0)|2∆t ψ0, (3)
where ∆t is the time step and ψ0 = ψ(x, t0) is the initial
condition. The second part of the NLSE can be written
as
iψt = −1
2
ψxx. (4)
Using a Fourier series expansion we obtain
ψ(x, t0 + ∆t) = F
−1
[
e−ik
2/2∆tF [ψ˜(x, t0 + ∆t)]
]
, (5)
where k is the wavenumber [44, 45]. Substituting Eq.(3)
into Eq.(5), the final form of the SSFM becomes
ψ(x, t0 + ∆t) = F
−1
[
e−ik
2/2∆tF [ei|ψ(x,t0)|
2∆t ψ0]
]
. (6)
Starting from the initial conditions, the time integration
of the NLSE can be done by the SSFM. Two fast Fourier
transform (FFT) operations per time step are needed for
this form of the SSFM. The time step is selected as ∆t =
10−3, which does not cause a stability problem. The
number of spectral components are taken as M = 2048
in order to use the FFT routines efficiently.
Although it is known that the decay of an atomic par-
ticle can be inhibited by Zeno dynamics, it remains an
open question whether the rogue waves in the quan-
tized optical fields in the frame of the NLSE can be
stopped by Zeno dynamics. In this paper we analyze
the Zeno dynamics of such rogue waves by using the
SSFM reviewed above. Although analytical solution of
the NLSE is known and used as initial conditions in
time stepping of SSFM, after a positive Zeno measure-
ment the wavefunction becomes complicated thus numer-
ical solution is needed. Recently a theoretical wavefunc-
tion formulation of the quantum Zeno dynamics is pro-
posed in Ref.[59], used in Refs.[60, 61] and experimen-
tally tested in Ref.[62]. In this formulation, after a pos-
itive measurement the particle is found in the observa-
tion domain of [−L,L] with a wavefunction of ψT (x, t) =
ψ(x, t)rect(x/L)/
√
P where P =
∫ L
−L |ψ (x, t)|2 dx, and
rect(x/L) = 1 for −L ≤ x ≤ L, and 0 elsewhere [59].
Between two successive positive measurements, the wave
3evolves according to NLSE. This cycle can be summa-
rized as
ψT
(
x,
(n− 1)t
N
)
evolve→ ψ
(
x,
nt
N
)
measure→
ψT
(
x,
nt
N
)
= ψ
(
x,
nt
N
)
rect(x/L)√
PnN
(7)
where n is the observation index, N is the number of
observations [59], and
PnN =
∫ L
−L
∣∣∣∣ψ(x, ntN
)∣∣∣∣2 dx. (8)
The cumulative probability of finding the wave in the
observation domain becomes [59]
PN =
N∏
n=1
PnN . (9)
Using the momentum representation of the linear
Schro¨dinger equation and analogy of optical wave dy-
namics of Fabry-Perot resonator, an analytical derivation
of the lingering probability of an atomic particle in the
interval of [−L,L] after nth measurement is given as
PnN ≈ 1− 0.12
(
4
pi
)2(
2pit
N
)3/2
(10)
in [59]. After N measurements the cumulative proba-
bility of finding the particle in the observation domain
becomes
PN ≈
(
1− 0.12
(
4
pi
)2(
2pit
N
)3/2)N
(11)
which can further be simplified using Newton’s binomial
theorem [59]. The reader is referred to Ref.[59] for the
details of the derivation of these relations. We compare
the analytical relations given in Eqs.(10)-(11) with the
numerical probability calculations in the next section of
this paper.
III. RESULTS AND DISCUSSION
A. Freezing Akhmediev Breathers
In order to study the Zeno dynamics of rogue waves
we first consider the Akhmediev breather (AB) solution
of the NLSE given in Eq.(1). It is known that the NLSE
admits a solution in the form of
ψAB =
[
1 +
2(1− 2a) cosh (bt) + ib sinh (bt)√
2a cos (λx)− cosh (bt)
]
exp [it]
(12)
where a is a free parameter, λ = 2
√
1− 2a and b =√
8a(1− 2a) [63, 64]. This solution is known as AB
and plays an essential role in describing the modulation
instability mechanism and rogue wave generation. Ex-
periments have demonstrated that the ABs can exist in
optical fibers [64]. The triangularization of the Fourier
spectrum, i.e. the triangular supercontinuum generation,
plays a key role in the generation and early detection
mechanisms of rogue waves. Thus, we also examine the
spectra of ABs under Zeno effect.
In Fig. 1, 3D plots of the AB for a = 0.45 and its
Fourier spectrum are depicted in the first row. This AB
is freely evolving for the time interval of t = [−5, 5]. In
the second row of Fig. 1, we present the AB under Zeno
effect and its Fourier spectrum. This AB evolved freely
in the time interval of t = [−5, 0] and it was continuously
subjected to Zeno observations in the time interval of t =
[0, 5] within L = [−7.5, 7.5]. For a better visualization of
the effect of Zeno observations, the wave profile is not
normalized in this figure.
FIG. 1: Zeno dynamics of an Akhmediev breather with
a = 0.45 a) freely evolving wave b) its Fourier spectrum c)
continuously observed Akhmediev breather in [−7.5, 7.5] dur-
ing t = [0− 5] d) its Fourier spectrum.
Next we apply the similar procedure to the AB, but
with a narrower region of observation which is selected
as L = [−5, 5] to illustrate the effects of narrowing the
observation domain as depicted in Fig. 2. Due to Fourier
duality principle, the AB frozen in this fashion has a
wider spectrum compared to its counterpart presented
in Fig. 1.
Depending on the width of the Zeno observation do-
main, it is possible to freeze the whole AB and thus its
triangular spectrum during the observation time.
4FIG. 2: Zeno dynamics of an Akhmediev breather with
a = 0.45 a) freely evolving wave b) its Fourier spectrum c)
continuously observed Akhmediev breather in [−5, 5] during
t = [0− 5] d) its Fourier spectrum.
B. Freezing Peregrine Soliton
Rogue waves of the NLSE is considered to be in the
form of rational soliton solutions [1]. The simplest ratio-
nal soliton solution of the NLSE is the Peregrine soliton
[65, 66]. It is given by
ψ1 =
[
1− 4 1 + 2it
1 + 4x2 + 4t2
]
exp [it] (13)
where t and x denotes the time and space, respectively
[1]. This solution can be recovered as the limiting case
of the AB when the period of the solution tends to in-
finity. It has been shown that Peregrine soliton is only
a first order rational soliton solution of the NLSE [1].
Higher order rational soliton solutions of the NLSE and
a hierarchy of obtaining those rational solitons based on
Darboux transformations are given in [1]. Throughout
many simulations [1, 3, 4] and some experiments [66], it
has been confirmed that rogue waves can be in the form
of the first (Peregrine) and higher order rational soliton
solutions of the NLSE.
Similar to the AB case, in order to analyze the Zeno
dynamics of the Peregrine soliton we apply the proce-
dure described by Eqs.(7)-(9). In Fig. 3, plots of the
Peregrine soliton and its Fourier spectrum are shown in
the first row. This Peregrine soliton evolved freely dur-
ing the time interval of t = [−5, 5]. In the second row of
Fig. 3, we present the Peregrine soliton inhibited by Zeno
observations and its corresponding Fourier spectrum. In
this plot the Peregrine soliton evolved freely during the
temporal interval of t = [−5, 0] and it was continuously
FIG. 3: Zeno dynamics of a Peregrine soliton a) freely evolv-
ing wave b) its Fourier spectrum c) continuously observed
Peregrine soliton in the interval of [−7.5, 7.5] during t = [0−5]
d) its Fourier spectrum.
subjected to Zeno observations in the time interval of
t = [0, 5] within L = [−7.5, 7.5]. For a better visualiza-
tion of the effect of Zeno observations, the wave profile is
not normalized in this figure as before. Again depending
on the width of the Zeno observation domain, it is pos-
sible to freeze the Peregrine soliton wholly or partially
and thus its triangular spectrum during the observation
time.
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FIG. 4: Probability density (unnormalized) after N interme-
diate measurements of the Peregrine soliton in the interval
[−0.8, 0.8] for a time t = n/N = 2.
In Fig. 4, we present the unnormalized wave profile
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FIG. 5: The probability of finding the Peregrine soliton in
the interval [−0.8, 0.8] for a time of t = n/N = 2 after N
intermediate measurements.
with different observation numbers (N). For a larger
number of intermediate measurements, the decay of Pere-
grine soliton is inhibited for longer times compared to the
case of fewer Zeno observations. This is due to the fact
that for a smaller number of observations the evolution
time between two successive observations increases. Thus
the wave profile diffuses in this relatively large temporal
interval. The constant background level of unity is di-
minishes since the probability vanishes in the unobserved
regions of the evolution domain for a positive measure-
ment.
In Fig. 5, we present the normalized probabilities of
finding the wave in the observation domain for a time
interval of t = [0, 2]. The dashed lines show the prob-
abilities obtained analytically by Eqs.(10)-(11) whereas
the continuous lines represent numerical results. Since
the numerical results are obtained using the NLSE and
the analytical distributions given by Eqs.(10)-(11) rely on
the assumption that the particle’s motion is governed by
linear Schro¨dinger equation, some discrepancies appear
between two results, where the discrepancies are less for
more frequent observations as expected.
C. Freezing Akhmediev-Peregrine Soliton
Second order rational soliton solution of the NLSE
is Akhmediev-Peregrine soliton [1], which is considered
to be a model for rogue waves with higher amplitude
than the Peregrine soliton. The formula of Akhmediev-
Peregrine soliton is given as
ψ2 =
[
1 +
G2 + itH2
D2
]
exp [it] (14)
where
G2 =
3
8
− 3x2 − 2x4 − 9t2 − 10t4 − 12x2t2 (15)
H2 =
15
4
+ 6x2 − 4x4 − 2t2 − 4t4 − 8x2t2 (16)
and
D2 =
1
8
[
3
4
+ 9x2 + 4x4 +
16
3
x6 + 33t2 + 36t4
+
16
3
t6 − 24x2t2 + 16x4t2 + 16x2t4]
(17)
where t is the time and x is the space parameter [1]. Us-
ing Darboux transformation formalism this soliton can
be obtained using the Peregrine soliton as the seed solu-
tion [1]. Many numerical simulations also confirm that
rogue waves in the NLSE framework can also be in the
form of Akhmediev-Peregrine soliton [1, 3, 4]. However,
to our best knowledge an experimental verification of this
soliton still does not exist.
FIG. 6: Zeno dynamics of an Akhmediev-Peregrine soliton
a) freely evolving wave b) its Fourier spectrum c) continu-
ously observed Akhmediev-Peregrine soliton in the interval of
[−7.5, 7.5] during t = [0− 5] d) its Fourier spectrum.
As in the AB and Peregrine soliton cases, in order to
analyze the Zeno dynamics of the Akhmediev-Peregrine
soliton we apply the procedure described by Eqs.(7)-
(9). Similarly, in Fig. 6, the Akhmediev-Peregrine soli-
ton, which evolved freely during the time interval of
t = [−5, 5], and its Fourier spectrum are plotted in the
first row. In the second row of Fig. 6, the Akhmediev-
Peregrine soliton inhibited by Zeno observations and its
corresponding Fourier spectrum are depicted. In this
plot the Akhmediev-Peregrine soliton evolved freely dur-
ing the temporal interval of t = [−5, 0] and continuous
6Zeno observations took place time within L = [−7.5, 7.5]
during the time interval of t = [0, 5].
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FIG. 7: Probability density after N intermediate measure-
ments of the Akhmediev-Peregrine soliton in the interval
[−1.7, 1.7] for a time t = n/N = 2.
Again unnormalized wave profile is depicted in this
figure for a better visualization of the effect of Zeno ob-
servations on the Akhmediev-Peregrine soliton. Again
depending on the width of the Zeno observation domain,
it is possible to freeze the Akhmediev-Peregrine soliton
wholly or partially and thus its triangular spectrum can
be preserved during the observation time.
In Fig. 7, the unnormalized wave profiles for differ-
ent observation numbers (N) are shown. Similar to the
previous cases, for a larger number of intermediate mea-
surements, the decay of Akhmediev-Peregrine soliton is
inhibited for longer times compared to the case of fewer
Zeno observations due to shorter diffusion time between
two positive Zeno observations. Additionally, the peak
as well as two dips of the Akhmediev-Peregrine soliton
can be preserved during measurements depending on the
length of the observation domain. Similarly, since the
probability vanishes in the unobserved regions of the evo-
lution domain for a positive measurement, the constant
background level of unity is diminishes.
In Fig. 8, we present the normalized probabilities of
finding the wave in the observation domain for a time
interval of t = [0, 2]. The dashed lines show the probabil-
ities obtained analytically by Eqs.(10)-(11) whereas the
continuous lines represent numerical results. As before,
since the numerical results are obtained using the NLSE
and the analytical distributions given by Eqs.(10)-(11)
rely on the assumption that the particle’s motion is gov-
erned by linear Schro¨dinger equation, some discrepancies
appear between two results, where the discrepancies are
less for more frequent observations as expected. How-
ever the discrepancies are slightly higher compared to the
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FIG. 8: The probability of finding the Akhmediev-Peregrine
soliton in the interval [−0.8, 0.8] for a time of t = n/N = 2
after N intermediate measurements.
Zeno dynamics of the Peregrine soliton depicted in Fig. 5
due to increased steepness of the Akhmediev-Peregrine
soliton.
IV. CONCLUSION
In this paper we have numerically investigated the
Zeno dynamics of optical rogue waves in the frame of
the standard NLSE. In particular, we have analyzed the
Zeno dynamics of the Akhmediev breathers, Peregrine
and Akhmediev-Peregrine soliton solutions of the NLSE,
which are considered as accurate rogue wave models. We
have showed that frequent measurements of the rogue
wave inhibits its movement in the observation domain
for each of these solutions. We have analyzed the spec-
tra of the rogue waves to observe the supercontinuum
generation under Zeno observations. Fourier as well as
the wavelet spectra of rogue waves under Zeno dynamics
may give some clue about the application time (position)
of the Zeno observations to freeze the emergence or decay
of rogue waves. This would especially be important for
the Zeno dynamics of stochastic wavefields which pro-
duce rogue waves. We have also analyzed the effect of
observation frequency on the rogue wave profile and on
the probability of freezing the wave in the observation
domain. We have showed that the rogue wave shape can
be preserved for longer times and the probability of the
freezing the rogue wave increases for more frequent ob-
servations, for all three types of rogue waves considered.
The revival dynamics, that is the dynamics after Zeno
observations are ceased, of rogue waves will be a part
of future work. The analysis of statistical distributions
and the shapes of rogue waves in the stochastic fields af-
ter Zeno observation remains as an problem which needs
7further attention as well. We believe that the results pre-
sented herein may open new insights in modelling the dy-
namics of standing and propagating optical rogue waves.
More specifically, the procedure analyzed in this paper
in the frame of the standard NLSE can be used to ad-
vance the fields of optical communications and vibrations
with special applications which include but are not lim-
ited to freezing and steering the rogue and other wave
types, avoiding their breaking, imposing a time delay by
Zeno effect. The procedure analyzed in this paper in
the frame of the standard NLSE can also be extended to
model the Zeno dynamics of the many other fascinating
nonlinear phenomena which can be used to advance the
optical science and technology.
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